The mechanism of failure of heat exchanger and steam generator tube-to-tubesheet joints is related to the level of residual stresses produced in the tube expansion and transition zones during the expansion process and their variation during operation. The accurate prediction of these stresses based on the plastic and creep properties of the joint materials involved can help to design for better leak tightness and strength. Existing design calculations are based on an elastic perfectly plastic behavior of the expansion joint materials and do not account for creep. The proposed model is based on a linear strain hardening material behavior and considers the joint contact pressure relaxation with time. The interaction of the tube and the tubesheet is simulated during the process of the application of the expansion pressure and operation. The effects of the gap, material strain hardening and creep properties are to be emphasized. The developed model results are validated and confronted against the more accurate numerical FEA models.
Introduction
Steam generators and heat exchanger are used to transfer heat from one fluid to the other. This is achieved by a shell and tubes configuration which employ expanded tube-to-tubesheet joints. Several causes can be at the origin of leak in this equipment. Cracks due to intergranular attack, corrosion under stress or fatigue in the joint transition zone are to name a few. However, the loss of the initial residual contact pressure due to insufficient initial expansion or relaxation may be the source of a leak at the tube-to-tubesheet joint interface, causing a mixing between the two fluids.
The interface residual stress and its relaxation with time are not adequately covered by a detailed standardized design procedure. Existing standards such as TEMA (TEMA, 1999) give only limited information. They do not provide a design methodology to follow in order to insure a desired structural integrity and leak tightness after the expansion process and during the life time of expanded joints (Sang et al., 1996) . The expansion of tube-to-tubesheet joints has been the subject of both analytical and experimental studies. Several researchers have developed analytical models (Goodier and Schoessow, 1943) and proposed equations that give the residual contact pressure, (Krips and Podhorsky, 1976 , Yokell, 1992 , Kohlpaintner, 1995 . However few studies that treat failures in transition zones were conducted (Grimison and Lee, 1943, Cizelj and Mavko, 1993) . In parallel, experimental investigations were conducted to mainly evaluate the strength of the tube-to-tube sheet adhesion and tightness by performing push-pull tests (Shuaib et al., 2001, Allam M. and Bazergui, 2002) . Middlebrook et al., 1993 showed that the relaxation effects on the residual contact pressure are not significant if the service temperature remains below 482 °C. This paper deals with the analytical solution for the contact pressure when strain hardening of both the tube and tubesheet are present. The relaxation of this contact stress is also modeled. The effect of strain hardening and clearance on this contact pressure and its variation during operation are also studied. The developed models are validated using the more accurate FEA.
Theoretical analysis of hydraulic expansion
Two assumptions are made. The model is simplified by considering one tube with a small region of tubesheet that includes part of the ligament and assumed to behave like a thick cylinder with an equivalent thickness based on the work by Chabaan et al. 1992 . Therefore if the tubesheet has a square or triangular pattern, only a small region around one hole is considered using the equivalent cylinder external radius concept as shown in Fig.1 by radius Ro. Both the tube and the tubesheet shown in Fig. 1 are considered as thick cylinders. The second assumption is that the whole tube section undergoes fully plastic deformation before it touches the wall of the tubesheet. This presumes that, immediately after fully plastic deformation, the displacement of tube outer surface remains lower than the initial clearance. In practice, initial clearances are much higher than the fully plastic displacement; the recommended clearances are given by TEMA.
According to the maximum level of the expansion pressure, the geometry and mechanical characteristics of the joint, two cases are distinguished:
1-case of expansion without plastic deformation of the tubesheet ( Fig. 2 steps 1 -2-3-4-ab-5-g ). 2-case of expansion with plastic deformation of the tubesheet during the loading phase ( Fig. 2 steps 1-2-3-4-acd-5-di).
The case of reverse yielding of the tube and tubesheet during the unloading phase is not treated in this paper. In order to validate the analytical model, simulations were run using a general purpose finite element program with different cases. Results from existing models were also compared and commented on in this paper.
Residual contact pressure

Allam's approach
Apart from the finite element analyses, very few analytical investigations looking into the effect of strain hardening were carried out in the field of expanded joints. In 1998, based on Tresca criteria, Allam et al. formulated the equation below which gives the expression of the residual contact pressure:
Pc * , Pe_max and Pe_min indicate, respectively, the residual contact pressure, the maximum expansion pressure and the minimal expansion pressure which closes the initial clearance without residual contact pressure. K is a coefficient 
Current developed model
Expansion without tubesheet plastic deformation
The material behaviour of the tube is considered to be bilinear. Although the elastic perfectly plastic behaviour treated previously (Laghzale and Bouzid, 2009a) is not suitable for this study, other more realistic plasticity laws, like those developed by Ramberg and Osgood, 1943 can also be applied. However, with such laws, the implementations of the equations which govern the expansion process are generally more complex and a linear hardening behaviour proves to be more adapted to our analysis. In order to further simplify the analysis, the grooves, the seal welding and the transition zones are not considered.
During the phase of loading, the maximum expansion pressure Pe_max is supposed to be lower than the pressure Pesys at which yield of the tubesheet occurs at the end of the loading phase. If the expansion pressure Pe being at its maximum value Pe_max, any pressure decrease beyond this value involves the simultaneous elastic recovery of the tube and the tubesheet. The contact pressure is obtained by analyzing the change in the radial displacement at their interface of the tube and tubesheet both treated as thick cylinders subjected to elasto-plastic deformation with linear strain hardening (Laghzale and Bouzid, 2009b) . The change of displacement during the release of expansion pressure must be the same such that:
During unloading, the tube relative radial displacement is given by the elastic recovery from the state where it is subjected to maximal internal and external pressures Pe_max and Pc_max to a lower state level of internal and external pressures Pe and Pc such that:
Where Pat is the tube autofrettaged pressure and Pc_max is the contact pressure at the maximum expansion pressure the expression of which are: 
The tubesheet relative radial displacement at the inner radius Ri (and noting that Ri =ro) is given by the elastic recovery from the state where it is subjected to maximal internal contact pressures Pc_max to the lower state level of internal pressure Pc such that:
Substituting Eqs. (6) and (9) into Eq. (5), gives the contact pressure during the unloading of the expansion process:
Where  is given by:
The residual contact pressure Pc * is given by putting the expansion pressure Pe equal to zero in Eq. (9) such that:
Expansion with tubesheet elasto-plastic deformation
The unloading phase is treated similarly as the unloading without tubesheet yielding. Equations (9) to (11) remain applicable with Pc_max given by:
Where As=2(2−s)/3Es and at the end of loading phase, the calculation of Pc_max is conditioned by the determination of the elastic plastic tubesheet radius cs_max. When Pe =Pe_max, the tube and tubesheet radial displacement at the inner radius Ri (and noting that Ri =ro) are given by 
The geometrical compatibility equation is given by: 
FE model
Isoparametric plane strain elements with eight nodes were used to model the tube and the tubesheet. Special contact elements were also employed to model the contact surfaces of the tube and the tubesheet. Although a small angle portion could have been used to model the expanded joint, a 90 degree portion was model for simplicity. In order to overcome the problem of the divergence related to the nonlinearity during the loading phase, the expansion pressure was gradually applied, and in particular, when the tube plastic collapse is reached. The plane model is presented, in Fig 3. The friction was not taken into account as previous studies showed that the influence of friction on the residual contact pressure is not significant (Merah et al., 2003) . A mesh convergence criterion was run to validate the FE model. In fact, the meshing was refined until the change in the contact pressure was less than 1%. The other parameters such as the stresses and displacements have been found relatively less sensitive to mesh refinement. The characteristics given in Table 1 were used for the analytical and finite elements simulations.
Results and analysis of hydraulic expansion
The validity of the developed analytical model is of prime concern before investigating any effect of strain hardening or clearance. This was achieved by a comparison of stresses and displacements at different stages of the expansion on the two cases 1 and 2 of table 1. Figure 4 gives the radial stress for case 1 where the tubesheet deformation remains elastic. The results between the proposed analytical model and the FEA are in a very good agreement. Referring to Fig. 4 , it is worth noting that the radial stress at the tube OD is equal to the radial stress of the tubesheet ID and represents also the contact pressure. At the end of the expansion process, the analytical solution gives a residual contact pressure of 24.6 MPa as compared to 23.9 MPa with FEA while Eq. (1) gives 15.6 MPa. The percentage difference with respect to FEM is 3% for the analytical model while it is 35% with Eq.(1). Figure 5 shows the results of case 2 which includes partial yielding of the tubesheet. The nonlinear behaviour of the expansion pressure versus displacement just before it reaches its maximum value also confirms this finding as shown in Fig. 5 .
The slope of the pressure line representing the rigidity of the structure decreases as plasticity makes its way through the thickness of the tubesheet as in the case of the tube, noting that it becomes constant if fully plastic deformation through the thickness is reached. In case 2, the analytical model predicts 22.04% plastic zone while FEA gives 22.64%. In addition, the radial stress obtained from the developed theory compares well with that of FEA. At the end of the expansion process, the predicted residual contact stress is 28.8 MPa versus 27.3 MPa with FEA while Eq. (1) gives 20.6 MPa. The percentage difference with respect to FEM is 5% for the analytical model while it is 25% with Eq.(1). It is to be noted that Eq. (12) is valid for both cases of tubesheet elastic and plastic states but without reverse yielding of the tube. The reason behind the major difference between Allam's model and the analytical model presented in this paper is that the compatibility of the displacement during the unloading is not taken into consideration in the former model. The residual contact pressure is plotted versus the initial clearance in Fig. 6 for several values of tangent modulus. The ranges of these parameters were selected so as to cover most of industrial applications. Referring to this graph, the residual contact pressure decreases with an increase in the tube tangent modulus with a quasi linear relationship if the tubesheet remains elastic. Obviously, there is no effect of initial clearance when Ett tends towards zero which represents the elastic perfectly plastic behaviour, confirmed by Merah N. et al., 2003 . Figure 7 shows the effect of strain hardening in the case where partial yielding of the tubesheet is present. It can be seen that a relationship between the residual contact pressure and the tangent modulus is practically linear. It is to be noted that the strain hardening of the tubesheet has little effect on the residual contact stress. The slight difference between the analytical FEM results is beleaved to be due to the penetration tolerance that is used by the FEM software to assume there is contact between the tube and the tubesheet in addition to the plastic Poisson's ratio that cannot be used exactly equal to 0.5 in FEM softwares as Lamé constant  becomes infinity. 
Analytical modeling of creep relaxation
Steam generators are the subject of major concern in nuclear power plant safety. Within these generators, the tightness barrier, which separates the primary and secondary circuits, is ensured by the existence of a residual contact pressure at the tube-to-tubesheet joint interface. Any leakage is unacceptable, and its consequences are very heavy in terms of the human and environmental safety as well as maintenance cost. Some studies have been conducted to comprehend the main reasons for such failure. However, there is no analytical model able to predict the attenuation of the residual contact pressure under the effect of material creep relaxation behavior. The development of a simple analytical model able to predict the change of the residual contact pressure as a function of time is presented. The results from the analytical model are checked and compared to those obtained by finite elements.
Governing equations
The equation governing the tube-to-tubesheet joint equilibrium considered as thick cylinders is given by: 
The elastic and thermal strains may be obtained from Hooke's law with thermal expansion or contraction, respectively. Creep strain components are assumed to follow Norton's law (Bailey, 1935) .
and , are creep constants, and are the Von Mises effective stress and time parameter, respectively. The radial and tangential stresses and are then given by:
Substituting (20) 
The general solution of Eq. (21) 
The stress rates are given by:
The radial and tangential strain rates are given by the Prandtl Reuss flow rule (Nabarro, 1948) as follows: 
Summary of computational procedure
Step 1: The initial stresses at t=0 are given by Lames equations
Step 2: Use the stresses from step 1 to calculate the strain rates
Step 3: Applying the boundary conditions the constants Ai and Bi are solved to obtain the stress rates.
Step 4: By selecting a suitable time interval t, the new stresses and strains can be found:
Step 5:
Step 2 to 4 are repeated for each time interval until the radial and tangential stress distribution reach a steady state condition.
Results and analysis of creep-relaxation
The geometrical characteristics of the tube-to-tubesheet joint selected for the validation study are shown in Table 2 . The material properties including creep constants for alloy 800 (El Gharad, 1986) and ASTM SA 387 (Gaffard, 2004) are also given in Table 2 . As shown in this table, in the working example, the loading conditions of pressure and temperature are taken from the primary side circuit only. The secondary side circuit pressure is neglected since this paper does not deal with the tube transition zone. The developed analytical approach was validated using both plane stress and axisymmetric FE modelling. Isoparametric plane elements with eight nodes were used to model the tube and the tubesheet. Figure 8 shows the residual radial stress distribution immediately after the expansion process with no pressure and temperature applied. The analytical model predicts a contact pressure of 25.6 MPa while FEA gives 29.3 and 28.8 MPa for plane stress and axisymmetric models representing a difference of 12 and 11% respectively. Figure 9 shows the radial stress distribution at a pressure of 16 MPa a temperature increase of 550°C and after 10000 hours of service. The analytical prediction of both stresses is in a perfect match with FEA and in particular with the FE plane stress model. The analytical model predicts a contact pressure of 23.59 MPa while FEA gives 23.4 and 22.9 MPa representing a difference of 1 and 3% respectively, for the plane stress and axisymmetric models. At t 10 000 hr , P 16 MPa , T 550 C     Figure 10 shows the stress distribution in service at different operating stages. The residual contact pressure, initially at 25.58 MPa after the expansion process, reaches to around 48.28 MPa during operation the first few hours and then decreases to 23.59 MPa after 10,000 hours of service (Pd=16MPa and T=550°C) resulting in a reduction of 51.2 %. The FE models predict a reduction of 54,25 and 55.3 % for the FE plane stress and axisymmetric models representing a difference of 5 and 7%, respectively. The state of the contact pressure is critical during shut-down since its value is less than 4.4 MPa as shown in Fig. 11 under the condition (Pd=0 MPa and T=0°C and t=10000 hours). This represents a reduction of 83.9 % for analytical model against 87.5 and 86.4% for the FE plane stress and axisymmetric models giving a difference of 4 and 3% respectively.
The joint relieves stresses considerably during operation. Indeed, in the analytical model, the maximum absolute value of the effective stress at tube inner radius increases slightly from 231.9 MPa to 280.6 MPa during operation and then decrease drastically to 48.4 MPa after 10,000 hours of service. Similar behavior is observed with the two FE models. Figure 11 shows the variation of residual contact pressure with time. After the tube-to-tubesheet joint is brought into service, the residual contact pressure increases from 27.9 to 50.32 MPa due to internal pressure and thermal expansion difference.
Conclusion
An accurate analytical model that treats tube-to-tubesheet joint hydraulic expansion and relaxation was developed in this paper. It takes into account not only the strain hardening effect on the initial residual stresses generated during the expansion process as well as the effect of pressure, thermal expansion difference and creep. The developed analytical model was validated against FEA and was found to give a good estimate of the contact pressure and the stresses in the joint at both service condition and cold shutdown. The maximum difference between the analytical model and FEA is 12% which strengthen the credibility of the developed model. The main following points are to be retained. Both tube strain hardening and clearance have significant effect on the residual contact pressure. The increase of these two parameters produces a linear decrease in contact pressure. The strain hardening of tubesheet has little effect on the residual contact pressure. If the tube tangent modulus approaches zero, the initial clearance effect on the residual contact pressure is not significant. While the contact pressure increases immediately after application of pressure and temperature, it can decrease to a much lower value after few hours of service and in particular when the loading is retrieved. At the steady state condition, the residual contact pressure decrease by 16.5% and 86%with respect to the initial residual contact pressure obtained at the end of the expansion process. 
Notation t,s
Thermal expansion coefficient of tube and tubesheet, °C t,s
